ON THE DISTANCE BETWEEN PERFECT NUMBERS. 
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Abstract. If n,m are distinct perfect numbers and if \n — m\ =6 it is known 
that S > 1. We show that <5 f n. Then we prove that there exist infinitely many 
triangular numbers 6 = 3 (mod 12) such that \x — y\ =5 has no solutions with 
both x and y perfect numbers. 



f-H ■ l. Introduction 

An integer n G N is said to be perfect if cr(n) = 2n where a is the sum of 
divisors function. By results of Euler every even perfect number has the form n = 
2 P ~ 1 (2 P — 1) where 2 P — 1 is prime, whereas every odd perfect number is of the form 
n = q ih+1 . n^ a % 9) Pi distinct primes, q = 1 (mod 4); in particular if n is an odd 
perfect number, then n = 1 (mod 4). It is still unknown if odd perfect numbers 
exist (for some recent results see for example Q, [||). 
q| In their very stimulating paper 0, Luca and Pomerance show that if the abc- 

conjecture is true, then the equation x — y = 5 has a finite number of solutions with 
x, y perfect numbers when 5 is odd or if x and y are both squarefull. 



An obvious remark is in order here: if one could prove that the distance between 
two perfect numbers is always even, then it would follow that any perfect number 
is even. 

It has also been proved that if n and m are perfect, then \n — m\ > 1 (cf |2]]). 
Here we show that if n and n + 5, 5 > 1, are both perfect, then 5 \ n, see 
^ ; Proposition |j. 

It is known that modular properties imply that an integer 5 = ±1 (mod 12) can't 
be the distance between two perfect numbers (Remark |B]). It is natural to ask if 
there are other infinite series of numbers S such that the equation \x — y\ = 5 has 
no solutions with x, y both perfect. 

We show (Theorem |8|) that there exist infinitely many triangular numbers 5 = 3 
(mod 12) with this property. 

2. A PROPERTY OF THE DISTANCE BETWEEN TWO PERFECT NUMBERS. 
We first recall the following (@|): 

Lemma 1. If n and m are perfect numbers and if 5 := \n — m\, then § > 1. 
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We have: 

Lemma 2. Let n and n + 5 be perfect numbers. If 5 > 2 is even, then 5 \ n. 

Proof. This is clear if n is odd. So assume n = 2 P ~ 1 (2 P — 1), n + 8 — 2 q ~ 1 {2 q — 1), 
where P = 2 P — 1 and Q = 2 q — 1 are primes and q > p. Then n + 5 > 2n, which 
implies that 5 > n, so 5 \ n. □ 

Lemma 3. Let n, n + 5, be perfect numbers. If \5\ > 1 is odd, then S \n. 

Proof. We may assume that n is even. So n = 2 P_1 • Q, where Q = 2 P — 1 is prime. 
Then \5\ = Q and so n + 5 = <5(2 P ^ 1 ± 1). But by Euler, we must have Q 2 \ n + 5, 
a contradiction. □ 

Gathering everything together, we get: 

Proposition 4. If n,m are distinct perfect numbers and if 5 := |n — m\, then 
5\n. 

Remark 5. Ifn,m are perfect numbers, it is easy to show that 5 := \n — m\ > 2. 
Moreover if 5 = 3 (mod 4) and ifn>6, it can be proved that (S, n) = 1. 

3. Special values of the distance between two perfect numbers. 
As stated in the introduction, using known modular results we have: 

Remark 6. An integer 5 = ±1 (mod 12) can't be the distance between two 
perfect numbers. 

Indeed this follows from the fact that any even perfect number is = 6 or 4 
(mod 12) (Euler's theorem), while any odd perfect number is = 1 or 9 (mod 12) 
by Touchard's theorem (0, [|TJ). 

We introduce some notations: 

In the sequel we denote by 5 = b(b — l)/2 a triangular number such that: 
b = Am + 2 = 48s + 46 (m = 12s + 11) and s ^ 2 (mod 3). 
Observe that 5 = (24s + 23) (48s + 45) = 3 (mod 12). 

Lemma 7. Keep notations as above. If n and n + 5 are perfect numbers, then 
n is odd and: 

n = q^ +l ■ Y[p 2 u a u = {2 p - 1 - 2m - 1) • (2 P + 4m + 1) 

where Q = 2 P — 1 is prime, q = 1 (mod 4) and where q and the p u 's are distinct odd 
primes. 
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Moreover if I = 8m + 3 is prime then: 

(1) 2 p - 1 -2m-l = \\p 2a =:u 2 

(2) 2 P + Am + 1 = g 4/3+1 • JJ pf j =: gv 2 
and g = 5 (mod 8). 

Proof. First let us show that n is odd and n + 5 is even. Since 5 = 3 (mod 4), this 
is clear if n > 6. If n = 6, 6 + 5 is odd. Since 5 = (mod 3), 3 2 | 6 + 5, but this is 
impossible since s ^ 2 (mod 3). 

So n + 5 = Q(Q + l)/2 where Q = 2 P - 1 is prime and n = g 4/3+1 • ]\p 2 ™ u . We 

haV6 ' Q(Q + l) _ 6(6-1) = (Q + 6)(Q-6+l) 

2 2 2 

It follows that n = A ■ B with A = (2 p - 1 - 2m - 1), 5 = (2 P + 4m + 1). Since 
B — 2A = 8m + 3 = /, the g.c.d., G, of A, B is 1 or I since / is prime by assumption. 

EG = l, since / = 3 (mod 4), I ^ q. If q \ B, then B = 2? + 4m + 1 = l c ■ ]\pf j 
with c & {1,2a — 1} (l 2a || n). Since, by assumption, m = 3 (mod 4), 2 p + 4m + l = 5 
(mod 8). Since Z = 3 (mod 8) and c is odd, we get a contradiction. We conclude 
that q | B, hence B = l c ■ g 4/3+1 ■ FJ p 2aj and we get: 5 = B = 3-g 4/3+1 = 3-g (mod 8). 
Since g = 1 (mod 4), this is impossible. This shows that G — 1. 

So one of A, 5 is a square and the other is divisible by g 4/3+1 . Assume B = 
2 P + 4m + 1 = n p 2 "" 3 , then 5 = 2 P + 4m + 1 = Yl P^ 1 = 1 (mod 8) , so A is a square, 
g | i? and q = 5 (mod 8). □ 

Now we have: 

Theorem 8. There exist infinitely many triangular numbers 5, with 5 = 3 
(mod 12), such that the equation x — y = 5 has no solution with x and y both 
perfect numbers. 

Proof. We keep notations and assumptions of Lemma 0. We have I = 8m + 3 = 
96s + 91. If s = 3a, I = 288a + 91; if s = 3a + 1, I = 288a + 187. Since (288, 91) = 1 
and (288, 187) = 1, by Dirichlet's theorem there are infinitely many values of s for 
which I is prime. 

If I is prime, by Lemma [?]: 2 P_1 — 2m — 1 = x 2 and 2 P + Am + 1 = qy 2 . Adding 
these two equations we get: 

3 • 2 p ~ l + 2m = x 2 + qy 2 

it follows, since m = 2 (mod 3), that: 

1 = x 2 + qy 2 (mod 3) 

• If x 2 = (mod 3): then 2 P_1 — 2m — 1 = (mod 3) and it follows that 
2P- 1 = 2 (mod 3), which is impossible because p — 1 is even. 
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• If y 2 = (mod 3): then 2 P + 4m + 1 = (mod 3), which implies TP = 
(mod 3): impossible. 

• We conclude that x 2 = y 2 = 1 (mod 3), but then we get q = (mod 3), i.e. 
since g is prime g = 3, which is also impossible because q = 1 (mod 4) 

We conclude that if 5 = (24s + 23) • (48s + 45) and if I = 96s + 91 is prime, then 
\x — y\ =5 has no solutions with both x and y perfect numbers. □ 

Remark 9. Of course we can get other examples. If b = 30, m = 7, then 
8m + 3 = 59 is prime. Since 5 = 435, n is odd and Lemma [/] applies. Hence it 
suffices to show that 2 P ~ 1 — 15 is not a square. Now if 2 P ~ 1 — 15 = x 2 , we have 
(2 £ 2 _ — x)(2 E 2~ + x) = 15 = 3 • 5 and it follows that p = 5 or p = 7. Since these 
values ofp are easily excluded in our context, we conclude that S = 435 can't be the 
distance between two perfect numbers. 

The question of whether an odd triangular number can be the distance between 
two perfect numbers remains open. 
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